We give topological and game theoretic definitions and theorems necessary for defining a Banach-Mazur game, and apply these definitions to formalize the game. We then state and prove two theorems which give necessary conditions for existence of winning strategies for players in a Banach-Mazur game.
Introduction
In this section we formulate and prove our main theorems. We assume preliminary knowledge of open and closed sets, closures of sets, and complete metric spaces. Definition 1.1. A subset T of a metric space X is said to be dense in X if T = X, that is, if T ⋃ ∂T = X Theorem 1.2 (Baire Category Theorem). Let {U n } ∞ n=1 be a sequence of dense open subsets of a complete metric space X. Then, ⋂ ∞ n=1 U n is also dense in X.
Proof. Let x ∈ X and let > 0. It suffices to find y ∈ B(x; ) that belongs to ⋂ ∞ n=1 U n . Indeed, then every open ball in X meets ⋂ n U n , so that ⋂ n U n is dense in X.
Since U 1 is dense in X, there exists y 1 ∈ U 1 such that d(x, y 1 ) < . Since U 1 is open, there exists a r 1 > 0 such that B(y 1 ; r 1 ) ⊂ U 1 . By shrinking r 1 we can arrange that r 1 < 1, and B(y 1 ; r 1 ) ⊂ U 1 ⋂ B(x; ). The same argument, with B(y 1 ; r 1 ) replacing B(x; ), produces y 2 ∈ X and 0 < r 2 < 1 2 such that B(y 2 ; r 2 ) ⊂ U 2 ⋂ B(y 1 ; r 1 ).
Continuing in this manner, we obtain a sequence {y n } ∞ n=1 in X and a sequence {r n } ∞ n=1 or radii such that 0 < r n < 1 and B(y n ; r n ) ⊆ U n ⋂ B(y n−1 ; r n−1 )
It follows that,
The nesting property (2) shows that y m ∈ B(y n ; r n ) if m > n, so that d(y m , y n ) < r n → 0 as m, n → 0. Consequently {y m } is a Cauchy sequence. Since X is complete, there exists y ∈ X such that y m → y. Since y m ∈ B(y n ; r n ) for m > n, we obtain y ∈ B(y n ; r n ). By (2) y ∈ B(x; ) and by (1), y ∈ U n ; this is for all n, so that y ∈ ⋂ ∞ n=1 U n . ∎ Definition 1.3. A subset Y of a metric space X is said to be nowhere dense if Y has no interior points, that is, if
be a sequence of nowhere dense subsets of a complete metric space X. Then ⋃ ∞ n=1 E n has empty interior.
Proof. The proof is a simple application of the Baire Category Theorem to the dense open subsets U n = X E n ∎
Remark. An explanation of the nomenclature is in order. A subset of a metric space X is said to be of the first category (or meagre) if it is the countable union of nowhere dense subsets. A subset that is not of the first category is said to be of the second category. The complement of a meagre set is a comeagre set. Note: Second category is not equivalent to comeagre -a set of second category may be neither meagre nor comeagre. Remark. By the Baire category theorem, every complete metric space is a Baire space.
Definition 1.6. In the mathematical study of combinatorial games, positional games are games described by a finite set of positions in which a move consists of claiming a previously-unclaimed position. Formally, a positional game is a pair (X, F), where X is a finite set of positions and F is a family of subsets of X; X is called the board and the sets in F are called winning sets.
Definition 1.7. In game theory, an extensive-form game has perfect information if each player, when making any decision, is perfectly informed of all the events that have previously occurred.
Banach-Mazur Game
We are now ready to formalize a Banach-Mazur Game.
Definition 2.1. A Banach-Mazur game is a infinite positional game of perfect information played on a topological space between two players. Let X be a topological space. We define the game BM (X) with two players, Alice and Bob. They take turn choosing nested decreasing nonempty open subsets of X as follows:
• Bob goes first by choosing a nonempty open subset U 0 of X.
1
• Alice then chooses a nonempty open subset V 0 ⊂ U 0 .
• At the nth play, where n ≥ 1, Bob chooses an open set U n ⊂ V n−1 and Alice chooses an open set V n ⊂ U n .
Bob wins if
V n ≠ φ. Otherwise Alice wins.
1 It is usual to assign the first move to Bob and seek a winning strategy for Alice.
Strategies in the Banach-Mazur Game
We are interested in the following question:
• By making their moves carefully, can a player ensure that they will always win, irrespective of the moves the other player makes?
If the answer is yes, the player is said to have a winning strategy.
We define the strategy for a player to be a function σ such that U 0 = σ(φ) (the first move) and for each partial play of the game (n ≥ 1)
is a nonempty open set such that U n ⊂ V n−1 . We adopt the convention that a strategy for a player in a game depends only on the moves of the other player. Thus for the partial play of the Banach-Mazur game denoted by ( * ) above, U n = σ(V 0 , V 1 , . . . , V n−1 ).
We shall now state two theorems which give us constraints for when Alice and Bob will have winning strategies. Evidently, who wins the game depends on the kind of topological space the game is being played on.
Theorem 3.1. Let BM (X) be a Banach-Mazur game on a topological space X. If X is meagre, then Alice has a winning strategy for BM (X).
Proof. Suppose X is meagre, that is, X = ⋃ ∞ n=1 {x n }, where each {x i } is nowhere dense. U 0 is the first set chosen by Bob. Alice can pick a subset V 0 = U 0 {x i } for some i ∈ N. Then, Bob will pick some other subset U 1 of V 0 and Alice can pick
Continuing in this way, each point x n will be excluded by the set V n , and ⋂ ∞ n=1 V n = φ. Thus Alice wins.
∎ We now state a lemma which will help us establish a similar result for Bob, that is, if X is a Baire space, Bob has a winning strategy for BM (X). Proof. Suppose that X is a Baire space. Let σ be a strategy for Alice. We show that σ cannot be a winning strategy. O n ≠ φ. From this nonempty intersection, since the collection U n are disjoint, we can extract a play of the game such that the open sets in this play of the game have one point in common, and thus Bob wins. Thus the strategy σ is not a winning strategy for Alice.
∎
